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The standard expressions for averaged energy density and energy flow of waves in dispersive 
media are generalized in order to include effects due to strong dispersion and/or broad band 
signals. A close relationship is revealed between these generalized energy expressions and the 
bilinear concomitants corresponding to the dispersion operator, which governs the wave motion. 

1. Introduction 2. A Short Review 

In a previous p a p e r 1 , generalized expressions 
were given f o r the averaged energy density of slow-
ly varying electromagnetic waves in a temporally 
dispersive medium. The result was a generalization 
of the standard expression and included correct ion 
terms, which should be important f o r b road band 
signals and/or strong dispersion. It was further-
more suggested that the concept of bilinear con-
comitants should prove valuable in studies of gen-
eralized wave energy expressions in dispersive me-
dia. 

In the present paper we will shown that this is 
indeed the case, because averaged energy density 
and energy flow turn out to be essentially the bi-
linear concomitants of the fundamental dispersion 
operator, which governs the wave motion. The ob-
tained generalized wave energy expressions include 
higher order derivatives of the envelope funct ion of 
the wave as well as of the characteristic dispersion 
function and should consequently be important f o r 
strong dispersion and /or broad band signals. The 
conventional expressions f o r averaged energy den-
sity and energy flow are obtained in the limit of 
weak dispersion and narrow signals. The analysis 
is quite general and should be applicable to all 
kinds of wave motion. 

Finally we want to point out the important role 
played in the derivation b y a Lagrangian density 
containing higher order derivatives. Lagrangians of 
this unusual f o r m have recently attracted consider-
able theoretical interest within the domain of the 
so-called generalized mechanics, see 2 and references 
therein. Parts of the results given in the present 
paper have been published in a prel iminary letter 3 . 
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W e assume a linear, homogeneous , lossless, and 
dispersive wave problem characterized by the fol -
lowing matrix equation: 

' 3 A[dt , Tx}E(t,x)=J(t,x). (2.1) 

x and t denote space and time coordinates, A is a 
linear matrix operator, and E and J are vectors 
speci fy ing the wave fields and the external driving 
fields respectively. If we have one external field on-
ly, a " c u r r e n t " density J (t, x), we can Fourier trans-
f o r m Eq . ( 2 . 1 ) into the scalar f o rm, see 4 

D{oj,k) E{co,k) =iJ{co,k) (2.2) 
where D(w,k) is the dispersion funct ion, E(a>,k) 
and / ( co, k) are the transforms of a fundamental 
wave field E(t,x) and the current density J(t,x) 
respectively. E(t, x) is chosen such that E(t, x) J(t, x) 
constitutes the power density P(t,x) supplied by the 
external source ]{t,x). For a full account of these 
matters see 4 . Notations and terminology are chosen 
with a possible application to electromagnetic waves 
in mind. However , this is not essential to the analy-
sis and e. g . in a mechanical wave prob lem the cor-
responding quantities would have been the velocity 
field and the f o r ce density. 

W e shall use complex notations and consequently 
write the real quantity X(t, x) (X = E,J) as 

X{t,x) = R e [ Z 0 ( * , x ) e x p { i ( & 0 £ — co0 J ) } ] • ( 2 . 3 ) 

The fields are assumed to be slowly varying, i. e. 
they contain a rapidly oscillating part determined 
by the exponential and a slowly varying envelope 
funct ion. A formal definition is given by the con-
ditions 

3 
31 
3 
3* 

ln 

ln 

X0 (t, x) < C0q 

XQ{Lx) < k 0 
( 2 . 4 ) 
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In the case when the envelope function X0(t, x) is 
constant, i. e. the monochromatic case, it is shown 
in 4 how Eq. (2 .2 ) leads to an averaged energy con-
servation equation of the form 

d/dt{W)+d/dx(S) = {P) (2.5) 
where 

= 1 3D(co,k) 
^ ' 4 3« (co0,k0) Eo Eo ' 

<S} = -
1 dD(a>, k) En Eft (2.6) 
4 dk | (CÜ0,Ä0) 

(P)= iRe(E0*J0). 

Here * denotes complex conjugate and the physical 
meanings of the quantities appearing in Eq. (2 .6) 
are: (W) — averaged energy density, (S) — averag-
ed energy flow, and (P) - averaged power density. 

The averaged Lagrangian corresponding to the 
free problem ( / = 0 ) we denote L f or reasons which 
will become clear later on. In the monochromatic 
case L is related to the dispersion function through 
the relation 

ooL = D (co, k) EQ E0*. (2 .7) 

For convenience we also introduce the function L' 
given by L' = OJ L. Then we have the results 

(i) L gives as variational equation the dispersion 
relation, i. e. 

3 L 
dE0* i (oH,k0) 0 D(oj0,k0) = 0 . (2.8) 

(ii) Averaged energy density and energy flow 
can be expressed in terms of the averaged Lagran-
gian L (or the function L') as follows 

1 3<«,I> 
N ' 4 do) 

(S) = -
1 3 ( w i ) 

dk 

(«"öi k0) 
A 3 L ! 
4 3a) K , f c „ ) ' 

_ 1 3 L' 
4 3 k (eo„kt) 

(2 .9) 

series around the point (co0,k0). If we multiply 
this equation with e x p { i [ (k — k0) x — (co — OJ0) z ] } 
and integrate with respect to OJ and k, it is possible 
to interpret powers of (k — k0) and (co — co0) as 
space and time derivatives respectively and we ob-
tain an equivalent f o rm of Eq. ( 2 . 2 ) , viz. 

/ 3 3 \ 

Dov[dj, dx jE0(t,x) =iJ0(t,x) (3.1) 

where the dispersion operator Dop is given by 

D0P=I 
w = 0 

D(co, k) 
in n! 

A 
3k dx 

3__3_ 
3co 31 

(3.2) 

The aim of the present investigation is to extend 
Eqs. (2 .6 ) and (2 .7 ) f o r the case of a slowly vary-
ing envelope function, while preserving the form of 
Equation ( 2 . 9 ) . This condition will subsequently 
be shown to lead to a high degree of symmetry 
in L'. Other facts supporting this approach are 
given in 3 . 

3. The Dispersion Operator 

Following the technique of paper 1 we expand the 
dispersion function D (co, k) of Eq. (2 .2) in Taylor 

and D(oj,k) -dfdk denotes dD/dk evaluated at the 
point (co0 , A;0) etc. 

For a lossless system D(oj, k) is real 4 , which im-
plies that D0 p is a self adjoint operator, i. e. 

D i , (3.3) 

where Dov denotes the operator algebraically ad-
joint to D0 p . 

4. The Conservation Equation 

Consider the expression E0* Dop E0 — E0 Dop E0*. 
which can be rewritten in two ways as follows 

(i) by means of Eqs. (2 .2) and (3 .3) we get 

E0* D0p E0 - E0 Z)7p V = 2 i Re (E0* J0). (4 .1) 

(ii) By means of the Lagrange identity, cf. 5 

— 3 E0* Dop E0 - E0 Dop E* = g- [P (Eq , £0*) ] 

+ ^x[Q(E0,E0*)] (4.2) 

where P(E0,E0*) and Q(E0,E0*) are the bilinear 
concomitants corresponding to the dispersion opera-
tor D()p . In the case of a self adjoint operator we 
can write 

P(E0,E0*)=iP(E0,E0*), 
Q(E0,E0*)=iQ(E0,E0*) (4.3) 

where P(E0,E0*) and Q(E0,E0*) are real. 
From Eqs. (4 .1 ) and (4 .2 ) we obtain 

- | - K ? ( £ o , V ) ] = 2 R e ( V / o ) -
(4 .4) 

But ! Re (£(,*/()) is equal to the averaged power 
density ( P ) , and a comparison with the conserva-



tion Eq. (2 .5) yields the following identifications 6. Generalized Lagrangian 

\W) = \P(E0,E*), 
(S) = \Q(E„E*). (4.5) 

Thus we have shown, how the concepts of adjoint 
operator and bilinear concomitants come in very 
naturally and makes the derivation of the generaliz-
ed energy expressions Eq. (4.5) formally very short. 
The result is appealingly simple, as averaged energy 
density and energy flow are (apart from the fac-
tor i'/4) the concomitants of the dispersion operator. 

5. Symmetric Concomitants 

At this stage a difficulty arises, because the La-
grange identity, Eq. ( 4 .2 ) , does not uniquely de-
termine the concomitants corresponding to an ope-
rator containing mixed derivatives. This depends 
essentially on the fact that a mixed derivative can 
be split in two ways, either of which will give dif-
ferent contributions to the concomitants. For ex-
ample the operator 3 2 / 31 3:r can be written either 
as d/dt(d/dx) or as 3 / 3 z ( 3 / 3 1 ) . Consequently we 
need additional information in order to make a 
unique choice of concomitants. This can be accom-
plished by postulating that there is a common func-
tion L' = co L depending upon D (co, k), E0, E0*, 
and various derivatives of these quantities, such 
that; cf. Eqs. (2 .9 ) , (4 .3 ) , and (4 .5 ) . (We further-
more define X = iX, where X = L, L'.) 

3 (w L) = 3 L' 
3(W (a>0,Ä„) 3o> (co,, ka) ' 

(5.1) 

(c0„,&o) 3 k I («„,&„) 
We emphasize, that although Eq. (5.1) is chosen 
so as to preserve the form of Eq. (2 .9 ) , it is not 
evident a priori that L is a Lagrangian density, i. e. 
it will have to be proved that the variational equa-
tion of L yields the correct differential equation for 
# 0 , Equation (3 .1 ) . 

Then it can be shown (see Appendix) that Eq. (6.3) 
termination of ln> m , viz. 

P(E„,E') = 

It is obvious from Eq. (5 .1) that the concomi-
tants are given by the function L'. However, the 
problem of determining L ' involves some rather 
troublesome algebra and we will here only indicate 
the main line of argument. Some more details are 
given in two appendices. The function L' will be 
determined by means of a recurrence formula and 
we start by introducing some convenient notations. 
Equation (3.2) can be written 

flop 2 2 A n m DUt j 
n = 0 m = 0 

where 

An, m — 
( - 1 ) ' 3 nD 

in ml(n-m) ! da>mdkn~n 
An,m = An> m | (a)0j , 
D 3 " 

m dt™dxn-m • 

(6.1) 

(6.2) 

As Eq. (4 .2) is an identity we can write it in com-
ponent form as 

~ E f l '0 lsn,mE§ EnAn D, (6 .3) 0 sin,m ^ n, m 

= g£ [Pn,m(E0, E0*)] + [Qn,m(E0, E0*)] . 

The concomitants corresponding to the operator 
An,m E)n m are denoted Pn>m and Qn,m and we see 
from Eq. (6 .3) that they must be proportional to 
An,m.) a fact which induced the indices n and m. 
Write the function L' analogously as 

L'=2 2 Ln,, 
n = 0 m = 0 

(6 .4) 

(m + l) +(n-m) + 1 = E0* Dn + 1<m+l E0 + ( - 1)« E0 Dn + Um + 1 E0 

with Ln,m proportional to An>rn . Obviously we have 
from Eq. (5.1) and the comment made above 

Pn,m= g^ (^n -1, m -1) | (co0, fto) ' 

n - - - IT \ I Yn,m— — g^ K'-'n -1, m) \ (a>0, k„) • 

Define the quantities ln> m by the relation 

En, m
 =

 i An>
 m
 lUt m . (6.6) 

yields the following recurrence formula for the de-

(6 .7) 

In order to solve this equation we make the following ansatz for the functions ln>, 
m n-m 

ln,m— 2 2 (A.r,n A.m _ v> n _ m _ ^ + ( 1 )n Anr> n A.m—Vin-.m—n) 
* = 0 ^=0 

(6.8) 



where 

A n = Dv + ll,vE0 = dv + xEJdr dx" . (6.9) 
X"'™ are coefficients to be determined and some of 
the anticipated symmetry in L ' has been used in the 
ansatz. 

A more convenient form of Eq. (6 .8) can be ob-
tained by a suitable change of summation indices in 
the last term, which gives 

m n-m 

ji,m , -i}v+lt ml (n-m)I {v +ji) I 
(n+l)! vl [A,\ 

(n — v—ju) ! 
(m — v) ! (n — m—/u) ! 

7. The Variational Equation 

(6 .13 ) 

I - y 7 Yn'm A* A 
r = 0 U=0 

Lm-v,n-m - .u (6 .10) 
r = 0 f* = 0 

where 
n.m _ ;w,t» / -i\n in.m tr n \ 

From Eq. ( 6 .11 ) we get the symmetry condition 

%v\n =( — 1 )U X>ri—v,n — m — fi (6.12) 

which will be used later on to facilitate the solution 
of Equation ( 6 . 7 ) . 

Finally, insertion of the ansatz Eq. (6 .10 ) into 
Eq. (6.7) yields a recurrence formula for y™'™ , 
which is solved in appendix with the result 

Inserting the expression f o r L' , Eq. ( 7 . 2 ) , gives 

8L 

There remains to prove that L really is a La-
grangian density corresponding to the free problem 
(J0(t,x) = 0 ) , i. e. that the variational equation for 
L gives the equation 

DopE0 = 0. (7.1) 
W e have 

oc n 
L = 2 2 l Afit m^n.m i 

n = 0 m = 0 
m n-m 

i — y y vn'm A* A 
= 0 it = 0 

m - v, n - m - n (7 .2 ) 

The variational derivative of L with respect to 
Eq = Aqq is? according to generalized mechanics 

! 2 <7-3> 
ÖL 

8A Io r = 0 s = 0 

OO OO OO II 

8At 
m n-m g r + s 

* 2 2 2 2 1 A n > m ( — l ) r + s 2 2 yy,ß ( A m _ v n _ m _ l A ö r v d s r = 0 s = 0 n = 0 w =0 >• = <) ,« = 0 0 1 M 

where drv is the usual Kronecker symbol. Equation (7 .4) simplifies to 

m n-m 
CO 

8L 
A \ * 0 ra = 0 m = 0 y = 0 « = 0 » _ 2 2 1 An<m Am>n_m 2 2 (— 1)' + . 

(7 .4 ) 

(7 .5 ) 

But the fol lowing simple relation is valid, viz. 

m n-m 
2 2 {-lV + ' t ä = 1 - (7 .6 ) 

v = 0 /u = o 

This is easily proved once the are recognized 
to be essentially the coefficients of the hypergeo-
metric probability distribution. 

Using this fact Eq. (7 .5 ) reads 

co 8L 
8 A *,0 2 2 1An> m Am> n. n=0 m=0 

(7 .7 ) 

8. Conclusions 

Summarizing, we have found that, (i) averaged 
energy density and energy flow can be expressed in 
terms of the bilinear concomitants of the dispersion 
operator [Eq. ( 4 . 5 ) ] , (ii) the concomitants are 
made symmetric by means of a common function L' . 
as a consequence of the condition that the standard 
expression Eq. (2 .9) should be form invariant, 
(iii) f rom Eqs. (4 .5) and (5 .1 ) we obtain the gen-
eralized energy expressions 

Finally setting the variational derivative equal to 
zero yields 

8L 

W) = jp(E0,E0*) = J \U 
o> («>„. &,) (8.1) 

CO =iDopE0 = 0 (7.8) U7i o ,o | (o>,, A,) 

and we obtain Eq. (7 .1) as we should. 

( 5 ) = \ Q(E0,E0*) = - 4 3L' dk (w,. k,) ' 

These are the main results of our analysis and pre-
viously stated in 3, however not in terms of con-



comitants. Retaining only the first correction terms 
most practical purposes. We obtain, cf. Eq. (2.6) 

yields expressions which should be sufficient for 

(W) = 

(S) = 

3D 
3o) 
3D 
3 k 

EQ V -

£n V + 

3 2D 
3OJ2 

3 2D 
3 k2 

3 E0 

31 
3 E0 

3x 

7 iE<L 
31 

, 3£0< 
3x 

+ 
3 2 D 

3a) 
3 2D 

3CD 

3£ 0 

3r 
3 C0 

3* 

7 3 £ o 
3x 

, 3E0< 
3t 

(*»., ft.) 

These relations should be important when disper-
sion is strong and/or the variation of the envelope 
function E0 can not be neglected, (iv) L gives the 
correct variational equation and thus constitutes an 
averaged Lagrangian density for the problem, (v) 
Finally we note the possibility to define an energy 
velocity i>E by means of Eq. (8.2) and the relation 

vE=(W)/(S). (8.3) 

This obviously leads to a velocity depending upon 
the form of the signal. 
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A p p e n d i x A 

Derivation of the Recurrence Formula, Eq. (6.7) 

We begin by eliminating the coefficients An,m appearing in Equation (6.3). For this purpose we need 
the following relations, which are easily obtained from Equation (6.2). 

i 3 i 3 
A " > ™ = m 3to = ~ n-m 3k ( A , 1 ) 

Put Xn>m = A%,mxnim where Xn,m = Pn,m, Qn,m. Then Eqs. (6.5) and (A. l ) yield 

F11, m = An,m Pn, m - „, (An-l,m-l) , , . Pn,m = {Ln-\,m-\) j . . . » m au) \ (cot, K„) ow | K„) 
q i 3 3 

Qn, m = An,m qn, m = - ~ ~ (An _ i, m) ^ qn, m = - ^ (Ln _ i, m) ^ ^ . (A.2) 

Combining Eqs. (A. l ) and (A.2) we obtain 

_ l , m = n _ m An -1, m <]n,m • (A.3) 

Introducing the quantities ln>m defined by Eq. (6.6) yields the relations 
mln-\,m-\=Pn,mi {n — m) ln-l,m = <]n,m • (A.4) 

Divide Eq. (6.3) with An,m and make use of Equation (A.4). This yields after a rising of indices the 
recurrence formula Equation (6.7). 

A p p e n d i x B 

Determination of the Coefficients y"'™ 

Insertion of the ansatz Eq. (6.10) into the recurrence formula Eq. (6.7) gives after some rearranging 
in order to facilitate an identification with the right hand side of Equation (6.7) 
/ \ 3In, m , / v 3 In (m + l ) - g t + (n — m) Q — 

, m n-m-1 r ,„ , i 
— (N M W "V V / .FFL+1 , V » , W + 1 _L M R I ( n,m , n,m \ — {n — m)\Z Z I Xkm +/>,/<-1 ' n-m 

V = 1 u = 1 ^ 
A*,,ft A m + l-v,n-m- n 



_ L V J .,n.m _j_ m + l / n , m , n,m \ A* A • vn,m , -1 r .,n,m + Z 1 Xv.n-m-r - + Z*-l,oJ -/l-m + l-r,n-m+Xv,n-vi-l -r -—~(X",n-tn 
v — \ I n— TTl 

-<4o,|U Am + l,n-m- n 

m +1 

n-m- 1 
+ - A n - m A m +1 _ v> o [ + 2 

/ .,n,m — 1 , ..w.w+1 I m + l „n,m\ 
I/o,/i +Zo„u- i + n_m Xo.n) 

+ Um + l./' + fc+l/'-l + 
m + 1 

Xjni™) A i + l„u Ao t t l _ m _ t l [ + (Xo,'ol+ + 
m + 1 

Zo.'o +1, n -» 

. /„w.m + l i ^ + 1 n.m \ a * A i m+1 i m + l „«,t»\ /i * ~r Ww+l,»-m i n _ m Xm,n — m—l) -^m+l.n-m - A0, 0 t tZ»« + l,0 > Zm.oJ y l m + l,0 « (B.l ) 
m + 1 

+ (Zo.'w-m-l + „ „ Xo'.n-m) ^O.K-m-^m + l.O/= + + ( _ 1)" A4 Ai 

Identification of the various terms gives 

(n-m) W + 1 + Xo:o)=l, 
„jt.m + 1 1 n,m 
/ » +1,0+ - „ _ m Zm,0 = U, 

m + 1 , , « , m + 1 
Z»,o n — m 

,n,m-r\ 

I .M.DL , .MM \ R\ 
(X"0 + Z>—l ,o )=0 , I ^ v m , (B.2) 

Xo.fi + X0ß-t ' 

n,m +1 , w,m + l 

m + 1 •n,m n 
Z 0 , /u = 0 , ra — m 

m + 1 

1 ^ ^ n — m - l , 

'1 ^ v m , 
1 ^ ju ^ n — m — 1 . 

The remaining equations needed to make the identification complete are contained in Eq. (B.2) together 
with the symmetry condition Equation (6.12). 

Several of the recurrence formulas of Eq. (B.2) are rather easy to solve, e. g. the two first readily give 

Xo'™ =!/(" + !)• Am. 0 [ ' (ra + l) ! (B.3) 

However the last formula of Eq. (B.2), which is the most general, looks rather difficult to solve directly 
and we prefer to solve it by making a qualified guess at the proper appearance of the y*'™ 's guided by 
symmetry and the simpler formulas obtained from the first relations of Equation (B.2). The solution is 
found to be 

Xl7 = ( - ! ) * 
ml (n — m) I (v-\-/.i) ! (n — v — /u) ! 

(ra + l ) ! vl /ul (m — v)l (n — m —fx)\ (B.4) 

This is easily verified by direct substitution into Equation (B.2). 
The symmetry of the 's is remarkably simple. Note that they are connected with the factors, Equa-

tion (6.10) : 
3 " + fE0* 3 n-v-^E0 

dt>"dxP 3tm~v dxn~m-/* 
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