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The standard expressions for averaged energy density and energy flow of waves in dispersive
media are generalized in order to include effects due to strong dispersion and/or broad band
signals. A close relationship is revealed between these generalized energy expressions and the
bilinear concomitants corresponding to the dispersion operator, which governs the wave motion.

1. Introduction

In a previous paper?!, generalized expressions
were given for the averaged energy density of slow-
ly varying electromagnetic waves in a temporally
dispersive medium. The result was a generalization
of the standard expression and included correction
terms, which should be important for broad band
signals and/or strong dispersion. It was further-
more suggested that the concept of bilinear con-
comitants should prove valuable in studies of gen-
eralized wave energy expressions in dispersive me-
dia.

In the present paper we will shown that this is
indeed the case, because averaged energy density
and energy flow turn out to be essentially the bi-
linear concomitants of the fundamental dispersion
operator, which governs the wave motion. The ob-
tained generalized wave energy expressions include
higher order derivatives of the envelope function of
the wave as well as of the characteristic dispersion
function and should consequently be important for
strong dispersion and/or broad band signals. The
conventional expressions for averaged energy den-
sity and energy flow are obtained in the limit of
weak dispersion and narrow signals. The analysis
is quite general and should be applicable to all
kinds of wave motion.

Finally we want to point out the important role
played in the derivation by a Lagrangian density
containing higher order derivatives. Lagrangians of
this unusual form have recently attracted consider-
able theoretical interest within the domain of the
so-called generalized mechanics, see 2 and references
therein. Parts of the results given in the present
paper have been published in a preliminary letter 3.
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2. A Short Review

We assume a linear, homogeneous, lossless, and
dispersive wave problem characterized by the fol-
lowing matrix equation:

A(aat, aaI)E(t,x) T, 4,

x and t denote space and time coordinates, A is a
linear matrix operator, and E and J are vectors
specifying the wave fields and the external driving
fields respectively. If we have one external field on-
ly, a “current” density J (¢, z), we can Fourier trans-
form Eq. (2.1) into the scalar form, see 4

D(w,k) E(w, k) =i](w, k) (2.2)

where D(w, k) is the dispersion function, E(w, k)
and J(w, k) are the transforms of a fundamental
wave field E(¢,z) and the current density J(,2)
respectively. E(t, z) is chosen such that E(t, z) J(t, )
constitutes the power density P (t, x) supplied by the
external source J(¢,x). For a full account of these
matters see 4. Notations and terminology are chosen
with a possible application to electromagnetic waves

(2.1)

in mind. However, this is not essential to the analy-

sis and e. g. in a mechanical wave problem the cor-
responding quantities would have been the velocity
field and the force density.

We shall use complex notations and consequently
write the real quantity X (¢,z) (X=E,J) as

X (t,2) =Re[X, (2, ) exp{i(kgz—wy2)}]. (2.3)
The fields are assumed to be slowly varying, i.e.
they contain a rapidly oscillating part determined
by the exponential and a slowly varying envelope
function. A formal definition is given by the con-
ditions

| 3 |
S XD <o,

aaI In i X, (t.2) <k,. (2.4)
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In the case when the envelope function X,(¢,z) is
constant, i.e. the monochromatic case, it is shown
in * how Eq. (2.2) leads to an averaged energy con-
servation equation of the form

3/3t(W) +3/3z(S) = (P) (2.5)
where
1 3D (w, k) | *
W)= 3 é(:; . (m,.,k,,)EoE"’
1 3D (w, k) | *
P = —4——2‘;}); oo py BB, (26)

(P)= %Re(Ey*]y) .

Here * denotes complex conjugate and the physical
meanings of the quantities appearing in Eq. (2.6)
are: (W) — averaged energy density, (S) — averag-
ed energy flow, and (P) — averaged power density.

The averaged Lagrangian corresponding to the
free problem (J=0) we denote L for reasons which
will become clear later on. In the monochromatic
case L is related to the dispersion function through
the relation

o L=D(w,k) EyE,*. (2.7)

For convenience we also introduce the function r
given by L= L. Then we have the results

(1) L gives as variational equation the dispersion
relation, 1. e.
3L |

’a'E;* | (w0, k) =0 = D(O)o, kO) =0. (2.8)

(ii) Averaged energy density and energy flow

can be expressed in terms of the averaged Lagran-

gian L (or the function L") as follows

1 3@l) | 130
L 4 B | (0 k) 4 3w | (we k)’
~ _ (2.9)
1 3@I) | _1ar
s e 4 k| (wnk) 4 Bk (v k)

The aim of the present investigation is to extend
Egs. (2.6) and (2.7) for the case of a slowly vary-
ing envelope function, while preserving the form of
Equation (2.9). This condition will subsequently
be shown to lead to a high degree of symmetry
in L’. Other facts supporting this approach are

given in 3.

3. The Dispersion Operator

Following the technique of paper! we expand the
dispersion function D (w, k) of Eq. (2.2) in Taylor
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series around the point (wg, ky). If we multiply
this equation with exp{i[ (k—k,) 2 — (0 — ) 1]}
and integrate with respect to @ and £, it is possible
to interpret powers of (k—k;) and (w—w,) as
space and time derivatives respectively and we ob-
tain an equivalent form of Eq. (2.2), viz.

3

Don(a;’ a?;)%(t, x) =iJy(t, ) (3.1)

where the dispersion operator D, is given by
<— —> <~ —>1n
993 _ 33 (3.2)
9k 3z dw 3t

nn!

~ D(w,k
Dop= ZO L )—i

n=

and D(w, k) -3/3k denotes OD/Jk evaluated at the
point (wy, k) ete.
For a lossless system D (w, k) is real 4, which im-

plies that D, is a selfadjoint operator, i. e.
Dy, =D, (3.3)

where D,, denotes the operator algebraically ad-
joint to D,y .

4. The Conservation Equation

Consider the expression Ey* Do, Ey— Eq Doy Ey*.
which can be rewritten in two ways as follows
(i) by means of Eqs. (2.2) and (3.3) we get
Ey* Doy Ey— EgDop Eg* =2iRe(Ey" Jp). (4.1)
(ii) By means of the Lagrange identity, cf. 3
NEN— 23
Ey* Doy Eg— Ey Doy Ey* = 3, [P(Eqg, Ey*)]
+ 5= [Q(Ey, Eg™)]

where P (E,, Ey*) and Q(E,, E,*) are the bilinear
concomitants corresponding to the dispersion opera-
tor D,,. In the case of a selfadjoint operator we
can write

(4.2)

P(Ey, Eg") =i P(Eq, Eg"),
Q(Ey, Eg*) =iQ(Ey, Ey*)
where F(EO,EO*) and a(Eo,Eo*) are real.
From Egs. (4.1) and (4.2) we obtain
9 T * 3 * *
& [P(Ey,Eq*)] + 2 [Q(Ey,Ey*)] =2Re(Ey* 1y).
(4.4)

(4.3)

But % Re(E,*J,) is equal to the averaged power
density (P), and a comparison with the conserva-
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tion Eq. (2.5) yields the following identifications
(W)= 1 P(E,, Ep),
(S) =3 Q(Eg, Eg”).

Thus we have shown, how the concepts of adjoint
operator and bilinear concomitants come in very
naturally and makes the derivation of the generaliz-
ed energy expressions Eq. (4.5) formally very short.
The result is appealingly simple, as averaged energy
density and energy flow are (apart from the fac-
tor i/4) the concomitants of the dispersion operator.

(4.5)

5. Symmetric Concomitants

At this stage a difficulty arises, because the La-
grange identity, Eq. (4.2), does not uniquely de-
termine the concomitants corresponding to an ope-
rator containing mixed derivatives. This depends
essentially on the fact that a mixed derivative can
be split in two ways, either of which will give dif-
ferent contributions to the concomitants. For ex-
ample the operator 02/0t Oz can be written either
as 0/Jt(3/3z) or as 9/3x(3/3t). Consequently we
need additional information in order to make a
unique choice of concomitants. This can be accom-
plished by postulating that there is a common func-
tion L'=w L depending upon D(w,k), E,, E,*,
and various derivatives of these quantities, such
that; cf. Egs. (2.9~)‘, (4.3), and (4.5). (We further-
more define X =i X, where X=L, L’.)

o O@L) | _ o
P(E,, Ey*) = 00 | (@ k) 30 | (e k)’
(5.1)
. (L) | __ or|
Q(Eo, Eo ) = ok ‘ (we5 Fo) - ok { (wos Ko) '

We emphasize, that although Eq. (5.1) is chosen
so as to preserve the form of Eq. (2.9), it is not
evident a priori that L is a Lagrangian density, i. e.
it will have to be proved that the variational equa-
tion of L yields the correct differential equation for
E,, Equation (3.1).

Then it can be shown (see Appendix) that Eq. (6.3)

termination of [, ,, , viz.
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6. Generalized Lagrangian

It is obvious from Eq. (5.1) that the concomi-
tants are given by the function L’. However, the
problem of determining L’ involves some rather
troublesome algebra and we will here only indicate
the main line of argument. Some more details are
given in two appendices. The function L” will be
determined by means of a recurrence formula and
we start by introducing some convenient notations.
Equation (3.2) can be written

© n
Dop= 2 Z Agm Dn,m (61)
n=0 m=0

where

4 _GDpm 1 3w

= in m!(n—m)! Qwm Jkn-n">
A?lm = An,m l (wo, ko) » (6‘2)
on
Drm=Zmgen=m -

As Eq. (4.2) is an identity we can write it in com-
ponent form as

Ey* A3 Dy, 3 By — Ey Ao Dy Eg" (6.3)
3 % ) *
z'at [Pn,m(EmEo )] +’a; [Qn,m(EO’EO ).

The concomitants corresponding to the operator
A%m Dy, are denoted P, , and Q, , and we see
from Eq. (6.3) that they must be proportional to
A9 ., a fact which induced the indices n and m.
Write the function L” analogously as

L,=Z ZLn,m

n=0m=0

(6.4)

with L, ,, proportional to 4, , . Obviously we have
from Eq. (5.1) and the comment made above

3
Pim= 3, (Lo tomwt) | G 5

3
Qum=— 55 Ln-1,m)] @ ko - (6:5)
Define the quantities l,, ,, by the relation
Lym=iAn,mly,m- (6.6)

yields the following recurrence formula for the de-

al ln.ms . . _
(m+1)- g;'n_ +(n—m) - na': 1 =Ey* Dyit,ms1Eg + (1) EoDn+1,m+1Eo.- (6.7)
In order to solve this equation we make the following ansatz for the functions I,
m n-m
ln,m= Z Z }:z;n (Av,# Am—v,n—m—u+ (_1)”Av,uA1‘1¢—v,n—m—#) (6°8)

v=0 u=0



1574

where
Av,u=Dv+u,vE0= av+"Eo/at" ax" . (69)

Ayl are coefficients to be determined and some of
the anticipated symmetry in L’ has been used in the
ansatz.

A more convenient form of Eq. (6.8) can be ob-
tained by a suitable change of summation indices in
the last term, which gives

m n-m
o= 2 Z0%

»=0 u=0

A:,;z Am—v, n-m -u (610)

where

n.m

71';1 —;:l,‘:tn"l'( )nlm v Nn—m—u- (6'11)
From Eq. (6.11) we get the symmetry condition
(6.12)

which will be used later on to facilitate the solution
of Equation (6.7).
Finally, insertion of the ansatz Eq. (6.10) into

n,m n,nm
Xviu =(_1)nXm vn—m—p

Xouw =(—

D. ANDERSON

m! '(n—m)! (r4+uw)!
(n+l)" ) »!u!
(n—v—u)!

S m—)! —m—p) !

1)v+p
(6.13)

7. The Variational Equation

There remains to prove that L really is a La-
grangian density corresponding to the free problem

(Jo(t,z) =0), i. e. that the variational equation for
L gives the equation
Dy Ey=0 (7.1)
We have
oc n
lez ZlAn m o, m o
n=0 m=0
m n-m
= ZO ZO TZLA-!/: Am—v,n—m—u- (7.2)
y= u

The variational derivative of L with respect to
Eo= Agyp is, according to generalized mechanics

Eq. (6.7) yields a recurrence formula for ziy', oL _ E 3 (—1)r+s ores ( 6L) (7.3)
which is solved in appendix with the result 043 5050 Qtr dzs\ 0AF, ’
Inserting the expression for L', Eq. (7.2), gives
oL = = = e s = i m 8
0)'5/1_-' = Z Z Z z lAn,m( 1)#%s Z Z 717111 t"‘ s ( '1m-v.n—m—u) 61’1/ 6SL (7.4)
0.0 r=0 s=0 n=0 m=0 r=0 u=0
where 0,, is the usual Kronecker symbol. Equation (7.4) simplifies to
oL - =, g n%‘m ) M
W -~ £ Z Z lAn,mAm,n—m Z s (“l)l ulvu . (75)
6‘1“-" n=0 m=0 v=0 u=0

But the following simple relation is valid, viz.

m n-m
2 2 (=Ll =1, (7.6)

=
This is easily proved once the %}/'’s are recognized
to be essentially the coefficients of the hypergeo-
metric probability distribution.

Using this fact Eq. (7.5) reads

= Z Z iAn,mAm,n—m

n=0 m=0

oL
545, (7.7)
Finally setting the variational derivative equal to
zero yields
5L |

(0] 511';0 | (war k) =iD0p EO =0 (7.8)

and we obtain Eq. (7.1) as we should.

8. Conclusions

Summarizing, we have found that, (i) averaged
energy density and energy flow can be expressed in
terms of the bilinear concomitants of the dispersion
operator [Eq. (4.5)], (ii) the concomitants are
made symmetric by means of a common function L',
as a consequence of the condition that the standard
expression Eq. (2.9) should be form invariant,
(iii) from Egs. (4.5) and (5.1) we obtain the gen-

eralized energy expressions

1 . 1 3L

(W)= (E 1By = 4 30 (0 k)’ (8.1)
1~ 1 3L

( >= 4 Q(E()sEO )_ - 4 3k (w5 k) .

These are the main results of our analysis and pre-
viously stated in 3, however not in terms of con-
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comitants. Retaining only the first correction terms
most practical purposes. We obtain, cf. Eq (2.6)

1575

yields expressions which should be sufficient for

) . i 3D 3E,* i 3D [, .03 A
(W)= 30 EoEo" = 5 54 (Ear 5 st ~Eo 5 )+ g swar (B 5 —Eo o )| i
1[3D . o, i 3D [ 40E 5 BE* i 3D (. ,03E, an
(S)=- 4| 3k E Ey" + 2 3K (Eo oz —E, ) T 2 3w?dk (EO ot —E, dt )] (wor ko) (8.2)

These relations should be important when disper-
sion is strong and/or the variation of the envelope
function E, can not be neglected. (iv) L gives the
correct variational equation and thus constitutes an
averaged Lagrangian density for the problem, (v)
Finally we note the possibility to define an energy
velocity v by means of Eq. (8.2) and the relation

ve=(W)/(S). (8.3)

This obviously leads to a velocity depending upon

the form of the signal.
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Appendix A

Derivation of the Recurrence Formula, Eq. (6.7)

We begin by eliminating the coefficients 45, appearing in Equation (6.3). For this purpose we need
the following relations, which are easily obtained from Equation (6.2).

i d

i 3
An,m= m' a’{; (An—l,m—l) Sl n_L'n'l' alg (An—l,m) (Al)
Put X, =AY 2, m where X,,,,,,=P,, ms Qnm. Then Egs. (6.5) and (A.1l) yield
P,,,,,,:A(,J,.,,, Pn,m= . aw (4n- 1,m- 1) (0, o) Pn,m = (Ln 1,m- 1) ‘ (s
0 __ i3
Qn,m:—An,m n.m= — 0 Bk (An—l.m) (00s Fo) qn,m= — —é—k— (Ln—l,m) | (w0, ) (A.2)
Combining Egs. (A.1) and (A.2) we obtain
Ln—l,m—l=iAn—l,m—1Pn,m7 Ln—l,m=’,:_;,';An-l,m dn,m - (A.3)
Introducing the quantities [, ,, defined by Eq. (6.6) yields the relations
m'ln—l,m—1=pn,ma (n—m) ln-1,1n=qn,m- (A.4)

Divide Eq. (6.3) with A, and make use of Equation (A.4). This yields after a rising of indices the

recurrence formula Equation (6.7).

Appendix B

Determination of the Coefficients .,

n,m

Insertion of the ansatz Eq. (6.10) into the recurrence formula Eq. (6.7) gives after some rearranging
in order to facilitate an identification with the right hand side of Equation (6.7)

alnm lnm
(m+1) =g~ *+ w=—m)=g;
m n-m-1
=(m-m) (33|t t

m+l

n,m *
/11;,;1 Am+1—r,n—m—u
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m—+1 +1
& Z {[/{Vn m - X:tom-l'Xv—llO) A10Am+1 v, - m+xvn m—1+m X:l,’r:n—m

n—m
n.m ) A* A = n—g—l n,m— nm—r1+ m+1l  am A A
+ viin—m) Qvn—m dpi1-4,0 - (/ +10,u—1 XO.u) Oudmit,n-m-u
+ m—+1 + m
(xrrﬁaﬁri+7fn’ﬁl/’t—l+ 7mu) Anz+1uA0n m- u} + (200" 1+n—m ‘.OO)AOOAmHn m
m+1 m+1 *
(X:::TT}L m+ 7m 1) A;n+1,n—7n AO,O+ (X%TT(I) ¥ - 7:;/3) Am+1,0 AO, n-m (B.1)

m+1 1 * * *
+ (Z:)l,';{lj_zgz—i + 8:77:'—m) /10,11—mAm+1,0> = AO,O Am+1, n-m+ (=1)" An+ tn—m AO,O .

Identification of the various terms gives

(n—m) (o3 + 288 =1,
nm+1 m+1 n,m el

/m+10+ [7

A‘:sz—l_{_ 1 (nm+xlnlnlo _0 1§V§m, (B.Z}
Zo +x3"‘”+;"j,,l, zou =0, 1€ g n—m—1,

n,m+ nm+1 . m+1 n.m nm ll§1’§m,

Xvn +7vu71+ (71/4 +27.) =0 ll§,u§n—m—1.

The remaining equations needed to make the identification complete are contained in Eq. (B.2) together
with the symmetry condition Equation (6.12).
Several of the recurrence formulas of Eq. (B.2) are rather easy to solve, e. g. the two first readily give

%06 =1/(n+1). 77n”d ={-1)" =57 - (B.3)

However the last formula of Eq. (B.2), which is the most general, looks rather difficult to solve directly
and we prefer to solve it by making a qualified guess at the proper appearance of the x,'’s guided by
symmetry and the simpler formulas obtained from the first relations of Equation (B.2). The solution is
found to be

m! (n—m)! p+m)!  (—r—p)!

pme v+
B =(=1) (n+1)! viu! (m—v)! (n—m—p)!

v,u

(B.4)

This is easily verified by direct substitution into Equation (B.2).

n,m»

The symmetry of the z)/'’s is remarkably simple. Note that they are connected with the factors, Equa-
tion (6.10):
av+yE0* Qn-v-uE,
Ot Qg QJgm-v Qan-m-pu *
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